D p ), where D = P 2 − 4Q. The modulo p residues of U p− , V p− , U p and V p are given by the following congruences, valid for primes p not dividing 2QD:
For a detailed discussion of these and many other congruences for Lucas sequences we refer the reader to Ribenboim [14] and Riesel [15] .
Congruence (2) enjoys the following (mod p 2 ) extension.
Lemma. If the prime p does not divide 2QD, then
Proof. We begin with equations (IV.4) with n = m and (IV. (7) 
Since
, and therefore 2µQ
, which completes the proof of (5).
Sometimes U p− is divisible by p 2 . We call these primes Lucas-Wieferich primes associated to the pair (P, Q). Every Wieferich prime is a Lucas-Wieferich prime associated to the pair (3, 2) . Equivalent congruences for Lucas-Wieferich primes are given in Theorem 1.
Theorem 1.
If the prime p does not divide 2P QD, then the following are equivalent :
Proof. We will first show that
Next, we will prove that (i) and (iv) are equivalent. By [14, p. 56 
Setting n = p − 1 in (10) and n = p + 1 in (11) we get
Using (12) when = 1 and (13) when = −1 we obtain
Since p does not divide 2P Q the equivalence of (i) and (iv) follows from the above congruence.
Finally, we will prove that (i) and (v) are equivalent. By [14, p. 56 
Setting n = p − 1 in (14) and n = p + 1 in (15) we get
Using (16) when = 1 and (17) when = −1 we obtain
. Therefore
Since p does not divide 2QD the equivalence of (i) and (v) follows from the above congruence. The proof of Theorem 1 is now complete.
Sun [16] showed that p is a Fibonacci-Wieferich prime if and only if L p− ≡ 2 (mod p 4 ), which proves that (i) and (ii) are equivalent when P = −Q = 1.
Algorithm for the Fibonacci-Wieferich prime search
In general there is no known way to resolve F p−(
, other than through explicit computations. From the recurrence F n+1 = F n + F n−1 we obtain
Powers of the above matrix are computed (mod p 2 ) by a standard binary power ladder. Since our 64-bit processors cannot handle products of magnitude p 4 , we invoked base p representations and thereby "split" the multiplication of two numbers (mod p 2 ). Every x = a + bp (mod p 2 ) is represented by {a, b}, with both a, b always reduced (mod p). To avoid repeated use of long division by p we computed and stored the value of 1/p in double precision floating-point. The quotient k/p is given by 0.5 + k(1/p) and the remainder is given by k − 0.5 + k(1/p) . If the remainder is negative, then p is added to the remainder and 1 is subtracted from the quotient. Crandall [3, pp. 9-10] calls this "steady-state division". Overflow errors do not occur when p < 4 × 10 14 and k < p 2 . The final value of F p−(
2 ) is represented by {B, A}, where 0 ≤ B < p and −p/2 < A < p/2. If B = 0, our program exits with fatal error. Instances of |A| ≤ 100 are recorded (see Table 1 We were interested in applying the above test only to actual primes p. Due to the nature of binary power ladder we found it wasteful to employ the Fermat test, that is, whether 2 p−1 ≡ 1 (mod p), for selecting primes. Instead we used an incremental sieve designed by Crandall [3, p. 100] which sieves the integers in blocks of a million at a time.
Most of the computation was performed on an SGI Onyx/2 server with 24 R12000 processors and 12 GB of RAM, running IRIX 6.5. Near the end of the search range each processor was capable of processing an interval of 45 × 10 9 integers per day or about 16000 primes per second. About 10% of the total running time was used for sieving the primes. Taking advantage of 64-bit processors our program was about 7 times faster than the program used in [9] which was designed for 32-bit processors. and so there was indeed a fairly good chance to find a Fibonacci-Wieferich prime, which justifies the effort in undertaking this search. If we take into account "near" Fibonacci-Wieferich primes, that is, primes p with |A| ≤ 100, then the expected number of "close calls" in the above interval is approximately 201 × 0.395 ≈ 79.4. From Table 1 we see that the actual count is 86.
Wolstenholme primes
In 1862 Wolstenholme [20] (also see [5, p. 271] and [14, p. 29] ) proved that
3 ) for all primes n ≥ 5. McIntosh [10] found no composite solutions n < 10 9 , and it is conjectured that there are none [7, problem B31] . Unlike that of Wilson's Theorem the converse of Wolstenholme's Theorem is a very difficult problem.
The term Wolstenholme prime has been introduced in [10] for primes p satisfying the congruence 1 (mod p) , was used for selecting primes. Due to the relatively long time required to process each prime the use of a sieve for selecting primes would not offer a significant reduction in total running time.
